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Abstract

The relationship between the characteristic and minimal polynomial
of a linear operator is well-known. The condition under which they
coincide is known to be when each eigenvalue has geometric multiplicity
one, or equivalently, when the matrix has exactly one Jordan block for
each distinct eigenvalue over an algebraically closed field. While this
equivalence is well-established in the literature, it is typically proved
using Jordan canonical form theory.

In this paper, we review this theory and present a more detailed
proof of the equivalence. Our main contribution is to demonstrate
that when the characteristic and minimal polynomials are equal, the
minimal polynomial can be recovered from a single Krylov sequence.
Specifically, if every eigenvalue has geometric multiplicity one, then for
any cyclic vector v € R", the first linear dependence in the sequence
{v, Av, A%v,..., A"v} uniquely determines the minimal polynomial.
To illustrate these ideas, we analyze examples using the Leverrier-
Faddeev algorithm and Mertens’ algorithm. For companion matrices,
a cyclic vector yields the minimal polynomial from a single Krylov se-
quence, since companion matrices are cyclic. For nilpotent matrices
with index & < m, no cyclic vectors exist, requiring multiple itera-
tions of Mertens’ algorithm. These examples highlight when a matrix
is cyclic, a single Krylov sequence from a cyclic vector determines the

minimal polynomial; otherwise, multiple starting vectors are necessary.
Keywords Characteristic Polynomial, Minimal Polynomial, Jordan

Canonical Form, Leverrier-Faddeev Algorithm

1. INTRODUCTION

The determinant and eigenvalues of a matrix appear frequently in problems of differen-
tial equations, numerical analysis, control theory, and dynamical systems. The characteristic
polynomial of a matrix A, denoted by pa(X), provides key information about the eigenvalues
of a linear transformation, allowing analysis of stability and long-term behavior [1]. From the
characteristic polynomial, one can determine whether a matrix is invertible and, in the context
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of linear dynamical systems, assess stability and asymptotic behavior (i.e., the long-term rate
of decay or growth and the presence of oscillations). For example, in Fatoorehchi et al.’s 2024
work[2], Markov parameters, which are associated to the system’s characteristic polynomial,
are used to construct a Hankel matrix, which is then employed in the stability analysis of linear
time-invariant (LTT) systems.

There are, however, some properties that characteristic polynomials are unable to detect,
such as whether or not a matrix is diagonalizable or the size of its Jordan blocks. This is where
the minimal polynomial, denoted by m(X), comes in [3]. Minimal polynomials are defined
as the unique monic polynomial of least degree that annihilates a given algebraic element or
linear operator [4]. Historically, the concept originates in the work of Dedekind and Weber
who called them "normal bases” in their 1882 work ”Theorie der algebraischen Functionen
einer Veranderlichen” [5]. Now, it is widely used in many areas of applied mathematics such as
multivariable linear systems theory, coding theory, control theory, and in the spectral theory
of rational and polynomial matrices [6]. Dopico et al. in ”Block minimal bases (-ifications
of matrix polynomials” [6], for example, show how to rewrite matrix polynomials as lower-
degree equivalents without changing their fundamental structure. This is done using minimal
bases, which serve the same purpose for matrix polynomials that minimal polynomials do for
single matrices. This analogy highlights the foundational role of the minimal polynomial. In
linear algebra, the minimal polynomial of a matrix or operator contains information about
nilpotency, diagonalizability, and the structure of its Jordan canonical form [3], [7]. Because
characteristic and minimal polynomials have been vital to mathematical research for over two
centuries, they remain indispensable tools [8], needing continued studies into their construction
and application.

The relationship between the characteristic and minimal polynomials of a matrix is well-
established in the literature. These polynomials coincide when the matrix satisfies a structural
condition, such as cyclicity or, equivalently, the existence of a single Jordan block for each
eigenvalue (see e.g. Bolotnikov’s work in [9]). However, this equivalence is usually presented
as a minor consequence of Jordan canonical form theory. It is not often highlighted as a
fundamental principle with its own important algebraic and computational implications.

This paper examines the well-established case where the characteristic and minimal poly-
nomials coincide. While this theory is classical, we provide an alternative, algorithmic proof.
Furthermore, a key observation is that for such cyclic matrices, Mertens’ algorithm [10] sim-
plifies. We then use the resulting algorithmic framework to obtain alternative proofs of fun-
damental results, including the fact that for a companion matrix C', the characteristic and
minimal polynomials coincide with its generating polynomial, pc(X) = ma(X) = f(X). We
also analyze nilpotent matrices as a contrasting case which is that for a nilpotent matrix N of
index k, we recover the classical result that the minimal polynomial is given by my(X) = X*.

2. THEORETICAL FRAMEWORK

In this chapter, we will be going over the definitions and theorems that are necessary to
understanding the results in chapter 3.

2.1. Basic Linear Algebra Theory. The following theorems are definitions are basic knowl-
edge in Linear Algebra that are essential to characteristic and minimal polynomials and the
Jordan structure of a matrix.

Theorem 2.1. [4] Let A be an n x n matriz. Then X\ is an eigenvalue of A if and only if
det(A — M) =0.

Definition 2.2. A Jordan Block of size m and value X is a matriz J,,(\) having the value A
repeated along the main diagonal, ones along the superdiagonal and zeroes everywhere else.
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Example 2.3. Consider the following matrices

=y 3 G-

O O Owl=
O Owlm =
Qwi= = O
W= = O O

Definition 2.4. A Jordan form is a block diagonal matriz consisting of several Jordan blocks.

Example 2.5. Consider the following matriz

71000 0 0 O

07000 00 0

007 10 00 0

S(7) 0 0 00070000

J= 0 A0 0 =155 0 0L 1 o 0
0 0 Ju(3) 31

000002 10

0000O0TO0 § 1

00000 0 0 3

Theorem 2.6. Let A € R"*"™. Then there exists an invertible matrix P and a block-diagonal
matriz J, called a Jordan form of A, such that

A=PJjpP .
The matriz J consists of Jordan blocks
Iy (A1) s T, (Ar),
where Ay, ..., \. are the eigenvalues of A (not necessarily distinct) and
my+---+m, =n.

Remark 2.7. The matrixz J is not unique, as the Jordan blocks may be ordered in different
ways. Since all Jordan forms are similar, and all quantities studied in this paper are invariant
under similarity, the particular choice of J is immaterial.

Definition 2.8. [7] For a matriz A € R™*™ and a vector v € R™, the Krylov sequence of length
k is
span{v, Av, A%v, ... A¥"1u}.

2.2. Characteristic and Minimal Polynomial of a Linear Transformation. In this
section, we will be going over definitions and theorems pertaining to the characteristic and
minimal polynomials of a matrix and their affects on the Jordan structure.

Definition 2.9. [4] The characteristic polynomial of a square matriz A is the polynomial
pa(X) defined by

pa(X) =det(A— XI).
The characteristic equation is the equation pa(X) = 0.

Definition 2.10. [{] The algebraic multiplicity of an eigenvalue X\ of a linear transformation
f or a matriz A is the multiplicity of X as a root of pa(X) orps(X). The algebraic multiplicity
of an eigenvalue X is typically denoted by am(\).

Remark 2.11. Owver an algebraically closed field, the characteristic polynomial of a matrixz A

can be factored as
k

pa(x) = [0 = A=,
i=1
where A1, ..., \ are the distinct eigenvalues of A and am(\;) denotes the algebraic multiplicity
Of )\1 .
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Definition 2.12. [4] If X is an eigenvalue of a linear transformation f : V. — V, then the
subspace ker(f — M) is called the \-eigenspace of f. Its dimension is called the geometric
multiplicity of the eigenvalue A\. The geometric multiplicity of an eigenvalue A is typically
denoted by gm(A).

Example 2.13. Consider the following matrix

det(\I — A) =det | O A-1 1 | =A=-2)A—1)
0 0 A—1
So the eigenvalues are Ay = 2 and Ao = 1. The algebraic multiplicities are am(2) = 1 and
am(1l) = 2.
For \y = 2, we get

0o 1 -1 010
A—2r=10 —1 1|2 19 0 1
0O 0 -1 0 0 O
1
The eigenspace is 0| p, sogm(2)=1.
0
For Ay =1, we get
1 1 - 1 1 0
A-I=10 0 1|25 10 0 1
00 O 0 00
—1
The eigenspace is 1 , s0o gm(1) =1.
0

Definition 2.14. [/ Consider the polynomial over a field F.

™ + an_12" P+ -+ a1z +ag
where a,. € F,r=0,1,2,...,n. The polynomial is monic, or is a monomial, if a, = 1.
Definition 2.15. [/] Let V be a vector space over a field F. Given a linear transformation
f:V =V, the minimal polynomial of f, denoted by my(X), is the monic polynomial p(X) of

least degree which has p(f) = 0. The minimal polynomial of a square matrix A,ma(X), is the
monic polynomial p(X) of least degree such that p(A) = 0.

Remark 2.16. Over an algebraically closed field, the minimal polynomial of a matriz A can

be factored as
k

ma(X) =[x =)™,
i=1
where Ay, ..., N\, are the distinct eigenvalues of A and 1 < m; < am()\;)

Definition 2.17. [7] An n xn matriz A, over a field F is said to be cyclic if its characteristic
polynomial pA(X) is equal to its minimal polynomial m4(X).

Theorem 2.18. (The Cayley-Hamilton Theorem) [}] If A is any square matriz over a
field F =R or C, and pa(X) is its characteristic polynomial, then ps(A) = 0.

Corollary 2.19. [4] For a square matriz A,m(X) divides pa(X).
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Theorem 2.20. (Jordan canonical form) [7] Let A € F"*"™. Then A is similar to a
block-diagonal matrix

J) 0 0
0 J() 0

J= ; ; . ; :
0 0 - JOw)

where each block J(\;) is of the size am(\;) x am(A;) and has the form
JNj) = Tk (Nj) @ Ty (Nj) @ - Tk, (Ng)
for some sizes k1 > ko > -+ >k, (with kv + - - -+ k, = n; ), where each k; X k; Jordan block is

A 10 - 0
0 A 1 - 0
Je(Nj) =1+ e
0 0 - A 1
0 0 - 0 X

The sizes and multiplicities of these Jordan blocks are uniquely determined by the dimensions
dy, = dimker(A — /\]-I)k7 k=1,2,...
Specifically, the number of Jordan blocks of size k equals (dy, — di—1) — (dg+1 — di).

Remark 2.21. We can then get that the characteristic polynomial encodes the multiset of
eigenvalues of A. In particular, the algebraic multiplicity of each eigenvalue restricts the Jordan
form by determining the total size of all Jordan blocks associated to that eigenvalue.
For an n x n matriz, A, with distinct eigenvalues, \;, the characteristic polynomial is
k
pA(X) _ H(X n /\i)am()\i)

i=1

In the Jordan canonical form of A, this means that all Jordan blocks associated to \; have sizes
Jkil (Al)a Jki2 (>‘7)7 sy Jkiri (Al)a

where the block sizes satisfy

Thus, the characteristic polynomial imposes a constraint on the Jordan structure, which
is for each eigenvalue the algebraic multiplicity is the sum of the sizes of its associated Jordan
blocks. However, it does not determine how the multiplicity p; is partitioned among individual
Jordan blocks; that additional information will be provided (in part) by the minimal polynomial.

Theorem 2.22. [11] For an n x n matriz, A, with distinct eigenvalues, \;, the minimal

polynomial is
k

ma(X) = H(X — )™

where my; is the maximal size of a Jordan block of type \; in the Jordan canonical form of A.

Remark 2.23. From 2.21 and 2.22 , we know that if \y is an eigenvalue of an n X n matrix
A, and the characteristic polynomial contains the factor (A — )\0)‘“"0‘0), then the Jordan blocks
associated with Ao must satisfy

k1+k2+~~:am()\o), HlaX{kl,k27...}:m07

where myg is the degree of (X —Xo) inma(X). However, these conditions alone do not determine
the individual block sizes ki,ks,.... The characteristic polynomial only fizes the sum of the
block sizes (the algebraic multiplicity), not how that total is partitioned into blocks.



42 Suharto et al., JMI Vol 22 No 1 Apr 2026, pp. 37-58,doi 10.24198 /jmi.v22.ny.68420.37-58
In other words, even when am(Xg) is known, several different Jordan canonical forms
are possible unless the minimal polynomial is also known. This shows that the characteristic

polynomial by itself is insufficient to fully determine the Jordan structure of A.

Example 2.24. Let A be an n X n matrix with characteristic polynomial
pa(X) = (X — )%

Although the algebraic multiplicity of \g is 4, the Jordan form of A may take any of the following
configurations

(1) Ji(Xo)

(2) J3(X); J1(Mo)

(3) J2(Xo), J2(Ao)

(4) J2(Xo), J1(Xo), J1( o)

(5) J1(Xo)s J1(Xo), J1(Xo), J1( o)

Each option corresponds to a different Jordan structure despite sharing the same characteristic
polynomial.

2.3. Algorithms to compute the minimal and characteristic polynomial. By Corol-
lary 2.19, the degree of the minimal polynomial of a matrix A is bounded above by the degree
of its characteristic polynomial,

degma(X) < degpa(X).

As a consequence, classical approaches to computing the minimal polynomial, such as those
presented in [4], proceed by first determining the characteristic polynomial and then testing its
monic divisors of the form

k
o(X) = [T(X =2, 1<e <am(N),

i=1

to identify the polynomial of least degree satisfying ¢(A) = 0. While theoretically sound,
this approach becomes computationally expensive for large matrices due to the combinatorial
growth in the number of candidate divisors.

In this work, we focus on two iterative algorithms drawn from the literature: the Leverrier—
Faddeev algorithm [12] for computing the characteristic polynomial, and Mertens’ algorithm
[10] for computing the minimal polynomial. These algorithms are chosen for conceptual rather
than computational reasons.

First, both methods are constructive and avoid explicit computation of eigenvalues or
canonical forms, allowing the underlying algebraic structure of the problem to be examined
directly. Second, their iterative nature makes it possible to analyze the computation step by
step, which is useful for understanding how structural properties of the matrix influence the
resulting polynomials. Finally, Mertens’ algorithm is closely tied to Krylov subspaces generated
by repeated application of A to a vector, making it a natural framework for studying cyclic
matrices and, in particular, the case in which the minimal and characteristic polynomials
coincide.

The Leverrier-Faddeev algorithm was originally due to Urbain Le Verrier (1840) and later
refined by Faddeev and Sominskii, and and more recently presented and applied by Nikolaos
Halidias in his paper ”Computation of the minimal polynomial and applications” (2022) to
find the characteristic polynomial of a matrix using trace identities [12].
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Algorithm 1 Leverrier-Faddeev Algorithm [12]

Input A e R™*"
Output Coefficients ay, ..., a, of the characteristic polynomial p4(\)
1: Ny=1
2: a3 = —1 trace(AN;)
3: for k=2,3,...,n, compute Ny, = ANp_1 +ax_1I and a, = —% trace( ANy)
4: The characteristic polynomial is

pa(A) = A"+ A" a2+ a1 A+ ap.

Next, we present an algorithm to compute the minimal polynomial. This algorithm
should be attributed to Mertens(2015)[10]. Remember that the minimal polynomial is the
monic polynomial of least degree that annihilates the entire space, and therefore every vector
v € R™ produces a local annihilating polynomial. The minimal polynomial is obtained as the
least common multiple of all such local polynomials.

Consider the Krylov sequence generated by a vector v
v, Av, A%, ..., AFu,
and suppose that this sequence becomes linearly dependent at step d. This gives a relation
A% = cqg 1 AT+ -+ 1 Av + oo,
from which we obtain the monic polynomial
(X) =X (car X"+ + X + ),

which annihilates v. By repeating this process for enough vectors to span R", we ensure that
the least common multiple of the polynomials obtained is the minimal polynomial of A.

We now state the algorithm formally.

Algorithm 2 Mertens’ Algorithm for the Minimal Polynomial [10]

Input A e R™*"
Output m4(X)
1: Select any non-zero vector v € R™
2: Starting with vector v, repeatedly multiply to generate the sequence v, Av, A%v,... un-
til 3k 3> AFv = Cp_1AF Yo + Cl_9A* 20 + -« + CLA%0 + C1 AW + CyAv for some
Ci-1,Cr—2,...,C5,C1,Cp.
3: Suppose the linear dependence first occurs at power k. We then form the normalized linear
dependency

AFy — (C_ 1 AF Yo + Cp 0 A¥ 20 4 -+ 4 Co A% + CLAv + Cov) =0

Afy — Oy AF 1y — O AP 20 — o — Co A% — C1 AV — Cov =0
(AF — g AP = O g AP — o = 00 A2 — C1A = Co)v =0
This corresponds to the polynomial
X)) =XF —Cp 1 XF L - Cp X2 - 0y X2 - 01X - G
This polynomial is monic and (A)v = 0. This is a divisor of the minimal polynomial
mA(X)
4: construct the set S = {v, Av, A%v,..., A*=1y}. If S does not span R"™, choose a vector not

in their span and repeat the steps 3 and 4.
5: The minimal polynomial is the least common multiple of all divisors.
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3. RESULT AND DISCUSSION

Theorem 3.1. [9] Let A € F™"*™ where F is an algebraically closed field. Then

ma(X) =pa(X) < for each eigenvalue \;, A has exactly one Jordan block associated with X;.

Proof. Assume the underlying field is algebraically closed.
(=) Suppose ma(X) = pa(X). Write the characteristic polynomial as
k
pA(X) _ H(X o /\i)am()\i))
i=1
where am();) is the algebraic multiplicity of \;. Now, write the minimal polynomial as
k
mA(X) = H(X — )\i)nu,
i=1
where m; is the size of the largest Jordan block corresponding to A;. Since ma(X) = pa(X),
we must have m; = am();) for every i. Now fix an eigenvalue \;. Let the sizes of its Jordan
blocks be
kila /{JZ‘Q, ey kisia
From the characteristic and minimal polynomial, we get that
kip + - +kisi = am()\i), max{kil,...,k,-si} =m,;.
But am();) = m; (since ma(X) = pa(X)). Thus, the largest block already has size am()\;),
so every other block must have size 0 (which is impossible) or 1. However, adding any block of
size 1 gives a total strictly greater than am()\;). Therefore the only possibility is that there is
exactly one block, and it must have size am();). Hence, for each eigenvalue \;, A has exactly
one Jordan block.

(<) Conversely, suppose that for each eigenvalue \;, there is exactly one Jordan block of size
am();). Then the largest block corresponding to A; also has size am()\;). Thus the minimal
polynomial contains the factor (X — X;)*™) | and no smaller exponent is sufficient. Therefore
k
ma(X) = H(X — X)) = py(X).
i=1
This completes the proof. O

Theorem 3.2. [9] If A is an n x n matriz. Then
ma(X) =pa(X) < for every eigenvalue X\;, gm(\;) =1

The following example illustrates 3.2 by contrasting two matrices with identical char-
acteristic polynomials but different Jordan structures (one of the matrices does not have a
geometric multiplicity of 1).

Example 3.3. Consider the matrices A and B

1 23 4 5 1 23 4 5
021 5 0 021 5 2
A=1]0 0 2 -3 4|, B=|0 0 2 -3 4
000 4 -1 000 4 -1
000 0 1 000 0 1

Note that both A and B are upper triangular matrices, therefore their characteristic polynomials
can be easily derived from their diagonal entries and coincide pa(X) = pp(X) = (X —1)%(X —
2)2(X —4).

Matriz A has an eigenvalue with geometric multiplicity greater than one, while matriz
B has geometric multiplicity one for every eigenvalue. According to Theorem 3.2, this should

imply ma(X) # pa(X) and mp(X) = pp(X).
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Although the characteristic polynomial follows immediately from triangularity, we include
the Leverrier—Faddeev computation to illustrate Algorithm 1.

Applying the Leverrier-Faddeev algorithm to matrixz A
(1) Initialization (k=1)

=

[

&

[
OO O O =
OO O = O
OO = OO
O—= O OO
R O o oo

Since ANy = A

1
ag = —ItraCG(ANl) = —trace(4) = —(1+2+2+4+1)=-10
(2) Iteration k = 2

-9 2 3 4 5

0 -8 1 5 0

NQZAN1—|—CI,1[=A—1OI: 0 0 -8 -3 4

0o 0 0 -6 -1

0o o0 0 0 -9
1 2 3 4 5 -9 2 3 4 5 -9 -14 -19 -27 10
021 5 0 0 -8 1 5 0 0 -16 -6 -34 -20
AN, = [0 0 2 -3 4 0 0 -8 =3 4|=]0 0 -16 18 —40
000 4 -1 0o 0 0 -6 -1 0 0 0 -24 4
00 0 O 1 o 0 o0 0 =9 0 0 0 0 -9

1 1 1
az = —3 trace(ANy) = = (=9 — 16 — 16 — 24 — 9) = —(~T4) = 37
(8) Iteration k =3

-9 —-14 -19 -27 10 28 —-14 —-19 -27 10

0 —-16 -6 —34 -20 0 21 -6 =34 -20

N3 =ANy+axl= |0 0 -16 18 —40(+371=1|0 0 21 18 —40
0 0 0 -24 4 0 0 0 13 4

0 0 0 0 -9 0 0 0 0 28

1 2 3 4 5 28 —-14 -19 -27 10 28 28 56 84 52

02 1 5 0 0 21 -6 -34 -20 0 42 -12 —-68 —40
ANs;=|0 0 2 -3 4 0 0 21 18 40 =0 0 42 =36 -80
000 4 -1 0 0 0 13 4 0 0 0 52 16

0 0 0 O 1 0 0 0 0 28 0 0 0 0 28

1 1 1
a3 = —3 trace(ANs) = — (28 +42 + 42 + 52+ 28) = —(192) = —64
(4) Iteration k =4

28 28 56 84 52 —-36 28 56 84 92
0 42 -12 —-68 —40 0 -22 —-12 —-68 —40
Ny=AN3s+a3sl=|0 0 42 —-36 —-80| —64/=1| O 0 =22 —-36 -80
0 0 0 52 16 0 0 0 -12 16
0 0 0 0 28 0 0 0 0 36
1 2 3 4 5 —-36 28 56 84 52 -36 —-16 —-26 —52 —48
0 21 5 0 0 -22 —-12 —-68 —40 0 —-44 -24 -136 —-80
ANy,=10 0 2 -3 4 0 0 -22 -3 -80|=1|0 0 —44 72 160
0 00 4 -1 0 0 0 -12 16 0 0 0 —48 —64
0 0 0 O 1 0 0 0 0 36 0 0 0 0 —36
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1 1 1
ag=—7 trace(AN,) = _Z(_?)G —44 — 44 — 48 — 36) = _Z(_%S) =52
(5) Iteration k=5

—-36 —-16 —26 —52 —48 16 —-16 —26 =52 —48
0 —-44 -24 -136 -80 0 8§ =24 -136 -80
Ns =ANs+asl=| O 0 —44 72 160 | +52I = |0 0 8 72 160
0 0 0 —48 —64 0 0 0 4 —64
0 0 0 0 —36 0 0 0 0 16
1 2 3 4 ) 16 —-16 —-26 —52 —48 6 0 0 0 O
0 21 5 0 0 8 —24 -136 —80 0 16 0 0 O
ANs; =10 0 2 -3 4 0 0 8 72 160 =0 0 16 0 O0f=16I
0 00 4 -1 0 0 0 4 —64 0 0 0 16 O
0 0 0 O 1 0 0 0 0 16 0 0 0 0 16

1
5
After completing all iterations, we obtain the coefficients
ay; = —10, ag = 37, az = —64, a4 = 52, as = —16
Thus, the characteristic polynomial of A is

pa(N) = N+ ar A + a3 + azA? + agh + a5 = A5 — 100" + 3703 — 64\ + 52X\ — 16

The same procedure applied to matriz B yields identical coefficients (the computation
is similar but slightly different due to the non-zero entry in position (2,5)), confirming that
pa(A) =pB(A).

Now, we calculate their respective minimal polynomials using Mertens algorithm.
Applying Mertens algorithm to matrix A

1
0
(1) Iteration 1 Choose initial vector v =e; = |0].
0
0
1 1
0 0
v = 0 , AUl =10
0 0
0 0

We immediately observe that Avy = vy, giving us the linear dependence
Avi —v1 =0 <= (A—Dv; =0
Thus, the first divisor is
X)) =X-1

Sy = {v1} does not span R®
(2) Iteration 2 Choose vy = ey = (0,1,0,0,0)T

0 2 6
1 2 4
Vg = 0 5 AUQ =10 5 A2U2 =10
0 0 0
0 0 0

A%vy — 3Avg + 2up = 0, giving (A% — 3A + 2I)vy = 0. The second divisor is
f2(X)=X?-3X+2=(X-1)(X -2)
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The set S1 U (Sy = {va, Ava}) does not span R®
(3) Iteration 3 Choose vz =e3 = (0,0,1,0,0)7

0 3 11 31
0 1 4 12
V3 = 1 s A’U3 =12 y A2U3 = 4 s A3”03 = 8
0 0 0 0
0 0 0 0
(A3 —5A% + 8A — 4l)vg = 0. The third divisor is
f3(X) = X3 -5X? 48X —4= (X —1)(X —2)?
Now Sy U Sy U (S5 = {v3, Avs, A%v3}) does not span R®
(4) Tteration 4 Choose vy =eq=(0,0,0,1,0)T
0 4 21 85 321
0 ) 27 116 468
va= [0]|, Avg= |-3|, A%vy=|-18|, A%vs= |-84| A*vs=|-360
1 4 16 64 256
0 0 0 0 0

(A* —9A3 + 28A4% — 36 A + 161 )vy = 0. The third divisor is
fa(X) = X* —9X? +28X?% — 36X + 16 = (X — 1)(X —2)%(X —4)

Now Sy U Sy U S3U (Sy = {vy, Avy, A%v4, A3v4}) does not span R®
(5) Iteration 5 Choose vs = es = (0,0,0,0,1)T

0 5 18 46 90
0 0 -1 —12 —80

vs= |0], Avs=|4]|, A%vs=|-15|, Advs=| 49 A*vs = | 165
0 -1 -5 —21 —85
1 1 1 1 1

(A* —9A3 + 2842 — 36A + 161)vs = 0. The third divisor is
fis(X) = X* —9X3 4 28X? — 36X +16 = (X — 1)(X —2)*(X —4)

Since the vectors vy, ...,vs are the standard basis vectors of R?, their union is linearly
independent and spans R5. S; U S, U S3 U S, U S5 spans R®

(6) The Minimal Polynomial of A The minimal polynomial is the least common mul-
tiple of all divisors

ma(X) = lem(pn (X)), o (X), f13(X), f14(X), 15 (X))
ma(X) = (X — 1)(X — 2)2(X — 4)
Applying Mertens algorithm to matrix B
(1) Iteration 1 Choose initial vector v; = e; = (1,0,0,0,0)%.

1 1
0 0
V1 = 0 y BU1: 0
0 0
0 0

We observe that Bvy = vy, giving the linear dependence
Bvy—v1 =0 < (B—1)v; =0
Thus, the first divisor is
(X)) =X 1
Sy = {v1} does not span R.
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(2) Iteration 2 Choose vy = ey = (0,1,0,0,0)7.

0 2 6
1 2 4
veo = |0|, Bvy=|0|, B?vy=10
0 0 0
0 0 0

(B? —3B + 2I)vy = 0. The second divisor is
Ho(X)=X?—3X +2=(X-1)(X —2)

The set S; U Sy does not span R®.
(3) Iteration 8 Choose vz = e3 = (0,0,1,0,0)7.

0 3 11 31
0 1 4 12
vs= |1|, Bvs=|2|, B?vs=[4|, Blvz=|8
0 0 0 0
0 0 0 0

(B® —5B% + 8B — 4I)v3 = 0. The third divisor is
f3(X) = X3 —5X? 48X —4= (X —1)(X —2)?

The set S; U Sy U Ss does not span RO.
(4) Iteration 4 Choose vy =e4 = (0,0,0,1,0)T.

0 4 21 85 321
0 5 27 116 468
va= |0, Bus= |-3|, B?*uu=|-18|, B3vuy=|-84| B'uy=|-360
1 4 16 64 256
0 0 0 0 0

(B* —9B? +28B? — 36B + 161)vy = 0. The fourth divisor is
fa(X) = X* —9X3 +28X? — 36X + 16 = (X — 1)(X —2)%(X —4)

The set S; U Sy U S3U S, does not span RS,
(5) Iteration 5 Choose vs =e5 = (0,0,0,0,1)T.

0 5 22 62 134 194
0 2 5 2 —50 —358

vs= (0|, Bus=|4]|, B?ws=|15|, Blvs=|49 | B*us= |165|, B°uvs= | 589
0 -1 -5 —21 -85 —341
1 1 1 1 1 1

(B% —10B* + 37B% — 64B% + 52B — 161)vs = 0. The fifth divisor is
fis(X) = X5 —10X* +37X% — 64X?% + 52X — 16 = (X — 1)*(X — 2)*(X — 4)

Since the vectors vy, ...,vs are the standard basis vectors of R?, their union is linearly
independent and spans R5. Hence the union of all sets S; spans R5.

(6) The Minimal Polynomial of B The minimal polynomial is the least common mul-
tiple of all divisors

mp(X) = lem(p1 (X)), fiz(X), f3(X), pa(X), 5 (X))
mp(X) = lcm((X—l), (X—1)(X—2), (X—1)(X—2)% (X —1)(X —2)2(X —4), (X—1)2(X—2)2(X—4))

mp(X) = (X - 1)*(X - 2)*(X —4)
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From carrying out the calculations above, we get that
ma(X) #pa(X), mp(X)=pp(X)
A simple look at their geometric multiplicities provides the same information.

For matriz A, the eigenvalue X = 1 has algebraic multiplicity 2 but possesses two linearly

independent eigenvectors
vii =(1,0,0,0,0)", wvio=(0,4/3,-3,1/3,1)"

So gm(1) = 2, the degree of the minimal polynomial is strictly less than that of the characteristic
polynomial.

Conversely, for matrix B, the geometric multiplicity of A = 1 is restricted to 1, yielding
only

vi = (1,0,0,0,0)"

Since the geometric multiplicities for A = 4, X = 2, and A = 1 are all 1 in matriz B, thus
mp(X) = pp(X).

Since the geometric multiplicity equals the number of Jordan blocks associated with an
eigenvalue, the conclusions above follow directly from the Jordan canonical form characteriza-
tion stated in 3.1.

From 3.2, we also get that the computation of both matrices can be used by one algorithm
only, and when we use Mertens algorithm in 2.3 the process is shortened to one iteration.

Proposition 3.4. Let A € R™™™ be a matriz such that the geometric multiplicity of every
eigenvalue is 1
gm(X\;) =1 for every eigenvalue \;.
Let v be a cyclic vector in R™ (that is, {v, Av, A%v,..., A" tv} spans R™), the minimal poly-
nomial of A is uniquely determined by the linear dependence relation of the Krylov sequence
{v, Av, A%v,..., A"v}.
Specifically, if we write A™v as a linear combination of the previous vectors
A" = cp 1 A" M0+ cn 0 A" 20+ o 4 Av + cou,
then the minimal polynomial of A is

ma(X)=X"— (Chna X" e o X" 24 1 X + o).

Proof. Recall that the geometric multiplicity gm();) equals the number of Jordan blocks as-
sociated with the eigenvalue \;. Since gm()\;) = 1 for every eigenvalue, there is exactly one
Jordan block for each distinct eigenvalue. For such matrices, the minimal polynomial m 4 (X)
coincides with the characteristic polynomial p4(X). Because p4(X) has degree n for an n x n
matrix, we obtain
deg(ma) = n. (1)
Since A has exactly one Jordan block for each eigenvalue, it is a cyclic matrix. That is,
there exists at least one vector v € R™ such that the Krylov sequence

{v, Av, A%, ..., A" T}
is linearly independent and hence forms a basis of R™.
Fix such a cyclic vector v.

Because this set is a basis, the next vector in the sequence must be linearly dependent
on it. Hence there exist unique scalars cg, c1,...,cn_1 such that

AM = ¢ 1 A" M+ ey AV 204 -+ ¢ Av + cou.

Define the monic polynomial

n—1
p(X)=X"— Z Xk
k=0
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Applying this polynomial to A and evaluating at v gives

n—1
p(A)v = A" — Z e AR
k=0
=0.
Since p(A) is a polynomial in A, it commutes with A. Therefore, for each k = 0,1,...,n—

L
p(A)(A*v) = A (p(A)v) = 0.

But p(A)v =0, so

AF(p(A)p = A¥(0) =0
Hence,

p(A)(A*v) =0,Vk=0,1,...,n — 1.

Thus p(A) sends every vector in the basis

{v, Av, A%, ..., A"}

to zero.
By linearity, a linear operator that annihilates every vector of a basis must be the zero
operator. Hence

p(A) =0.
By definition of the minimal polynomial, m4(X) divides every polynomial that annihi-
lates A. Thus there exists a polynomial ¢(X) such that

p(X) = ma(X)q(X).
Taking degrees and using (1), we obtain
n = deg(p) = deg(ma) + deg(q),

which forces deg(g) = 0. Since both p(X) and m4(X) are monic, this implies ¢(X) = 1, and
therefore
p(X) = ma(X).

Lemma 3.5. Let A € R™*" be a matriz whose minimal polynomial satisfies
ma(X) = pa(X).
Equivalently, each eigenvalue of A has geometric multiplicity one. Then the set of cyclic vectors
C(A) := {v € R" : span{v, Av, ..., A" v} = R"}

is a dense open subset of R™. In particular, a generic choice of v yields a Krylov sequence
whose first linear dependence occurs at step n, and this dependence uniquely determines the
manimal polynomial of A.

Proof. Since ma(X) = pa(X), each eigenvalue of A has geometric multiplicity equal to one,
and hence A has exactly one Jordan block for each distinct eigenvalue. In particular, A is
cyclic, so there exists at least one vector whose Krylov sequence spans R™.

A vector v € R” is non-cyclic if and only if the vectors

{v,Av, ..., A" 1}
are linearly dependent. Define the Krylov matrix
Ks(v):=(v Av A% ... A""ly) e R™"
Then v is non-cyclic precisely when det(K 4(v)) = 0.

Writing v = (vq,...,v,)7T, each column A*v depends linearly on the entries of v. Hence
each entry of K 4(v) is a polynomial in vy, ..., v,, and therefore

D 4(v) := det(Ka(v))
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is a polynomial function on R™. The set of non-cyclic vectors is
C(A={veR": dy(v) =0}.

We still need to show that ®4 is not identically zero. Let A = PJP~! be the Jordan
form of A. Since each eigenvalue has geometric multiplicity equal to one, the Jordan form J
consists of exactly one Jordan block per eigenvalue. Let u be the vector obtained by summing
the first standard basis vector from each Jordan block of J. Then the Krylov sequence

{u, Ju, J2u, ..., J" " tu}

is linearly independent and spans R™, so det(K j(u)) # 0.
Setting v := Pu, we obtain
Ka(v) = PKj(u),
and since P is invertible, it follows that
det(K a(v)) = det(P) det(K s(u)) # 0.

Thus ® 4 is not zero polynomial.

Consequently, C(A)° is a proper algebraic subset of R™. Its complement C(A) is therefore
open and dense. O

Example 3.6. Let B be the matriz from example 3.3, for which we established that gm(\) =
1 for every eigenvalue \. We previously found that mp(X) = pp(X) using 5 iterations of
Mertens’ algorithm 2.3 using e; = (1,0,0,0,0)T.

Notice that B is upper triangular.For a general upper triangular matriz

aix aiz -+ QGin
0 ax -+ ag

A= ,
0 0 - an,

when we compute the Krylov sequence starting from ey, the Krylov sequence is {e1, aie1, a3 e, . . . a?flel}
which spans only a 1-dimensional subspace. For our specific matrix B, a;1 = 1 so we obtain
the Krylov sequence {e1,e1,e1,...e1}. Therefore eq is not cyclic in R®. Hence why proposition
3.4 was not satisfied and the calculation to obtain the minimal polynomial took 5 iterations.
This time, we choose the vector

v=(1,1,1,1,1)".

) ) 3 )

Computing the Krylov sequence, we obtain

(1 15 61
1 10 40
v=|1|, Bv=|3|, B*w=|1],
1 3 11
1 1 1
[193 565 1649
138 466 1610
B3v=|-27|, BYv=|-179|, B’v= |-867
43 171 683
|1 1 1

The determinant of the Krylov matrix
det [v Bv B*v B% B4v} #0,
is not zero, but when we include B>v the determinant of the extended Krylov matriz is 0.

det [’U Bv B*v B%vw B%w B5v]:0,
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This shows the first occurrence of linear dependence is at B®v. The linear dependence is
B%y — 10B*v + 37B3v — 64B%v + 52Bv — 16v = 0
This corresponds directly to the minimal polynomial
mp(X) = X° —10X* +37X3 — 64X? + 52X — 16 = (X — 1)*(X — 2)%(X —4)
which matches the result we obtained in the multi-iteration algorithm.

This example illustrates that when all eigenvalues of a matrix have geometric multiplicity
one, the minimal polynomial can be recovered from a single Krylov sequence generated by a
generic vector, without the need for multiple iterations of Mertens’ algorithm.

Remark 3.7. For an upper triangular matriz, the standard basis vector e; is always an eigen-
vector (with eigenvalue equal to the i-th diagonal entry). Figenvectors are never cyclic for
matrices with dimension n > 2, because their Krylov sequences are

{v, v, \2v,..., \" 1o},

which span only a 1-dimenstonal space.

To obtain a cyclic vector, we must choose v such that it has nonzero components in the
directions corresponding to each Jordan block. For the matrix B in Example 3.3, which has
Jordan blocks of sizes 2,2,1 (corresponding to eigenvalues 1,2,4 with algebraic multiplicities
2,2,1), a vector with all nonzero entries is generically a good choice, hence why in Example
3.0, proposition 3.4 was satisfied.

Theorem 3.8. [15] Let N € R™*" be a nilpotent matriz such that
NF=0 and NF1£0,
for some k < mn. Then
my(X) = X",

Proof. We interpret the result through the behavior of Mertens’ algorithm and its associated
Krylov sequences.

Since N*~1 £ 0, there exists a vector u; € R™ such that N*~'u; # 0. It is convenient to
begin our Krylov process with the vector

v=N k_lul,

which is nonzero by construction.
Now, when we apply N to this vector, we immediately obtain
Nv = N(N¥"tu)) = Nky; = 0.
Thus the Krylov sequence generated by v,
v, Nv, N2, ...,

collapses at the first step (first linear dependence occurs at power 1), and the corresponding
monic polynomial is simply

f(X) = X.
This polynomial annihilates v, but of course it does not yet annihilate the entire space, so it
cannot be the minimal polynomial of N.

To force higher powers of X, we must look at other starting vectors. Since N*~2 #£ 0, we
may choose another vector ug such that N*~2uy # 0. Starting instead with

vg =N k_2uQ,
the Krylov sequence becomes longer
va, Nuvg = NF"luy, N2vy = NFuy = 0.
Here the first dependence occurs at power 2, giving the polynomial
fi2(X) = X2,
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which now annihilates both v, and v.

Continuing this pattern, each time we start with a vector of the form v; = N¥=Ju; #£ 0,
the Krylov sequence collapses at exactly j steps (first linear dependence at power j), producing
the monic polynomial

fi (X) = X7

At the final stage, where j = k, take a vector vy with NOvj, = vj, # 0 but N¥v, = 0. Its

Krylov sequence is

Vi, ]\f’l)]€7 NQU/C, ey Nk’()k =0
and the first linear dependence appears at power k. This yields the monic polynomial
fin(X) = X*,

which is the smallest polynomial that annihilates all the vectors considered. By Mertens’
algorithm, the minimal polynomial is the least common multiple of all such polynomials, and
therefore

my(X) =lem(X, X?,..., X*) = X*.

This confirms that the minimal polynomial of a nilpotent matrix whose nilpotency index
is k is exactly X*. O

Theorem 3.8 illustrates a fundamental limitation of Krylov-based determination of min-
imal polynomials. For a nilpotent matrix N of index k < n, the minimal polynomial satisfies
mpy(X) = X* while the characteristic polynomial is py(X) = X™. Hence my(X) # pn(X).

As a consequence, no single Krylov sequence of the form

{v,Nv,N%v,...,N"v}

can determine the minimal polynomial through a linear dependence at degree n. Instead,
Krylov sequences terminate strictly earlier, reflecting the presence of multiple Jordan blocks.

This behavior contrasts with the situation described in Proposition 3.4, where the equal-
ity ma(X) = pa(X) guarantees the existence of a vector whose Krylov sequence uniquely
determines the minimal polynomial. Nilpotent matrices therefore provide a canonical example
in which this condition fails.

We now present a complementary situation to the nilpotent case, in which the minimal
and characteristic polynomials always coincide and can be recovered from a single Krylov
sequence.

Theorem 3.9. [14] Let C be the companion matriz of a monic polynomial f(X) = X™ +
Cn_an_l +-- 4+ X+

0 0 O 0 —co

1 0 O 0 —a

01 0 0 —c
C =

00 0 -+ 0 —cp2

00 0 -+ 1 —cpaa

Then the characteristic polynomial pc(X) = f(X) and the minimal polynomial me(X) =
f(X).

Proof. We will prove this by computing both polynomials using the Leverrier—Faddeev algo-
rithm and Mertens’ algorithm respectively.
We want to prove that applying the Leverrier-Faddeev algorithm to the companion matrix
C gives the coefficients of the polynomial f(X). Specifically, we want to show that for each
step k, the computed coefficient is
Q= Cp—k

This means a; = ¢,,_1, as = ¢,_2, and so on.
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We begin with N7 = I. The trace of the companion matrix C' is the sum of its diagonal
elements. Since the only non-zero diagonal element is the last one

trace(C) = —cp_1.

Substituting this into the algorithm’s formula
1
ay=-—7 trace(CNy) = —trace(C) = —(—cp—1) = Cp—1.

We compute the next matrix Ns.
N2 = CNl +a1[ = C+Cn_1I.
The diagonal of C'is (0,0,...,0, —¢,—1). The diagonal of ¢,,—11 is (¢p—1,¢n—1,- -, Cn—1,Cn-1).
Adding these together
dlag(NQ) = (C’I’L717 Cn—15-++3,Cn—1, 0)

Notice that the last element becomes zero because —c¢,,_1 + ¢,,—1 = 0.

Now we calculate as. The formula is

1
a=—3 trace(C'Ny).

Substituting No = C' + ¢,,_11, we obtain
trace(C'Ng) = trace(C(C + ¢,—11))
= trace(C?) + ¢, trace(C)
= trace(C?) — c2_,,
where we used trace(C) = —c¢;—1.
Rather than computing trace(C?) directly, we use Newton’s identities, which relate the

power sums s = trace(C*) (the sums of k-th powers of eigenvalues) to the coefficients of the
characteristic polynomial. For k = 2, Newton’s identity states

82+ cp_181 +2¢,_2 = 0.
Since s; = trace(C') = —c,_1 and sy = trace(C?), we have
trace(C?) + cp_1(—cn_1) +2¢n_2 =0,

which gives
trace(C?) = c2_| — 2¢,_o.

Substituting back:
trace(CNo) = (¢2_| —2cp_2) — 24

—267172.

Finally, we compute as:
1 1
as = —3 trace(C'Ny) = —5(—2cn,2) = Cp_o.

Assume that the properties hold for all steps j < k. Specifically, we assume that a;_; =
Cn—(j—1), and that
N1 = CF 2 46 1 O3 o gl
We use the definition from the Leverrier—Faddeev algorithm to compute Ny
N =CNy_1 +ap_11.

Substitute the expression for Ni_;1 from the Inductive Hypothesis and substitute the known
coefficient ay_1 = ¢p—k41

N =C(C" 2+ ¢, 1CF 3 o+ cppial) + gl
Ni=(C* P4 ¢y 1CF 2 4 000" 3 oo 4 ey j12C) + i I
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Ne=CF g, 1C* 24, 2C*" 3+ gl

This proves Property I for step k.
The algorithm defines a; using the trace of C'Ny

ap = —% trace(C'Ny).

First, we find the matrix product C'Ny by multiplying the expression derived above by C
ONy =CF 4 ¢ 1C* ey 5CF 2 4o ey 1 O

Now, we take the trace of this sum of matrices. Since the trace is a linear operator, we can
separate the terms

trace(C' Ny) = trace(C*) + ¢, 1 trace(C* 1) + ¢, trace(CF72) + -+ + ¢, g1 trace(C).

Let s; = trace(C7) represent the power sum of the eigenvalues (sum of j-th powers of the roots
of f(X)). The expression becomes

trace(C'Ng) = Sk + Cn—1Sp—1 + Cn—2Sk—2 + -+ - + Cn—4151.

This specific linear combination of power sums and polynomial coefficients is directly related
by Newton’s Identities

Sk + Cne18k—1 + Cn—28k—2 + -+ + Cn_py151 + kcp—p = 0.
Solving this identity for the trace term
trace(CNy) = sp + Cn—18p—1 + -+ + Cn_ky151 = —kCn_p.

Finally, substituting this result back into the formula for ay

1
ap = - (—kcn—k) = Cn—k-

This proves Property 1I for step k.
By the principle of mathematical induction, the Leverrier—Faddeev algorithm produces
coefficients a, = ¢, for all k =1,...,n. Since the characteristic polynomial is defined as

po(X)=X"+a X" +ax X" P+ +ap,
substituting the results yields
po(X) = X"+ 1 X" N+ cn o X" P 4 0o = f(X).
The characteristic polynomial of the companion matrix C' is indeed the polynomial f(X) from
which C' was constructed.

Now we apply Mertens’ algorithm to find the minimal polynomial of C. Choose the
starting vector v = e; = (1,0,0,...,0)”7. Compute the Krylov sequence {v, Cv,C?v,...}.
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For the companion matrix, we have

O =

O =

CU:C€1: = €2

C2U:CGQZ 1 = e3

n—1
C" tv=e,

See that {e1,es,...,e,} are the standard basis vectors, which are linearly independent.
Therefore, {v, Cv, C?v,...,C" v} are linearly independent and span R™. We then compute
C™v

—Cn—1
We can express this as a linear combination of the previous vectors
C"v = —cge1 — C1eg — C€3 — +++ — Cp_1€n

—cov — c1Cv — C%0 — -+ — ¢, _1C™ N0

C™"v 4 cp1C" W+ cpsC" 204+ ¢,Cv+ cov=0
This linear dependence corresponds to the polynomial
X)) =X"+cn 1 X"V p o X" 24 d e X +co = f(X)

Since the Krylov subspace span{v,Cuv,...,C" v} = R" we don’t need to find additional
vectors. The minimal polynomial is

Therefore
pe(X) =me(X) = f(X)
This completes the proof that for a companion matrix, the characteristic polynomial

equals the minimal polynomial, and both equal the original polynomial f(X) for which the
companion matrix was constructed. O
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Remark 3.10 (Computational limitations). Both the Leverrier—Faddeev algorithm for com-
puting characteristic polynomials and Mertens’ Krylov-based algorithm for minimal polynomials
are primarily of theoretical interest and are practical only for small matrices.

The Leverrier—Faddeev algorithm relies on repeated matriz multiplications. As a result,
it is computationally expensive and quickly destroys sparsity. This makes it unsuitable for large
or sparse matrices, and it may also suffer from numerical instability.

Mertens’ algorithm is simpler, since it uses only matriz—vector products. However, in
general one must test several starting vectors, and the Krylov vectors often become dense even
when the original matriz is sparse. These factors limit its usefulness for large-scale computa-
tions.

In summary, while these algorithms are useful for understanding the structure of minimal
and characteristic polynomials, they are not intended as efficient methods for large or sparse
matrices, where modern numerical algorithms are more appropriate.

4. CONCLUSION

The relationship between the characteristic polynomial and the minimal polynomial of a
matrix is a well-known result in linear algebra. In particular, it is already known that these two
polynomials are equal if and only if each eigenvalue of the matrix has geometric multiplicity
one, or equivalently, if the matrix has exactly one Jordan block for each eigenvalue. This result
is classical and is usually proved using Jordan canonical form theory.

The goal of this paper was not to claim this result as new, but to study it from a different
point of view. We focused on what happens structurally and algorithmically when the char-
acteristic and minimal polynomials are equal. In particular, we provided an alternative proof
of the classical equivalence then showed that when m4(X) = pa(X), the minimal polynomial
can be recovered from a single Krylov sequence generated by a cyclic vector. In this case, the
sequence {v, Av, A%v,..., A"} spans the whole space and its first linear dependence occurs at
step n. This makes Mertens’ algorithm especially simple to apply. When this condition does not
hold, multiple starting vectors are required, and the computation becomes more complicated.

We showed these ideas through two contrasting examples. For companion matrices,
which are cyclic, we showed that starting with the cyclic vector 4; yields the minimal and
characteristic polynomials immediately from a single Krylov sequence. For nilpotent matrices
with nilpotency index k < mn, which are not cyclic, we showed that multiple iterations of
Mertens’ algorithm are necessary, as no single vector generates a Krylov sequence spanning the
entire space. Together, these examples highlight the insight of Proposition 3.4: when a matrix
is cyclic and we start with a cyclic vector, the minimal polynomial can be recovered from a
single Krylov sequence; otherwise, multiple starting vectors are required.

While the algorithms discussed here are not intended for large or sparse matrices, they
provide a clear and useful framework for understanding the connection between matrix structure
and algorithmic behavior.

Words of Appreciation.

Thank you to my academic advisors and my one-eyed cat.
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