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Abstract

Derivations and their generalizations play an important role in under-
standing the structure of rings. One natural extension of derivations is
the notion of a biderivation, which is a bi-additive mapping satisfying
derivation-type identities in each argument. In this paper, we investi-
gate biderivations on polynomial rings. Several examples of bideriva-
tions are constructed and some of their fundamental properties are es-
tablished. In particular, we study the relationship between biderivations
defined on a ring R and those induced on the polynomial ring R[z].
The results show that the set of bi-derivations on a polynomial ring is
closed under finite sums, linear combinations, and finite direct sums.
Moreover, the set of constants of a bi-derivation forms a Z-module.
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1. INTRODUCTION

Derivations constitute an important tool in the structural study of rings and have been
widely investigated in ring theory. A derivation on a ring R is an additive mapping d: R — R
satisfying the Leibniz rule

d(ab) = d(a)b+ ad(b) (1)
for all a,b € R. This concept can be regarded as an algebraic analogue of differentiation and has
proved useful for describing structural properties of rings and their extensions. A comprehensive
overview of several types of derivations and their developments in ring theory can be found
in the survey by Ali et al. [1]. Classical results concerning derivations on prime rings were
initiated in the work of Herstein [2], which has motivated many subsequent investigations.

Because of their structural importance, numerous generalizations of derivations have
been introduced. Among these generalizations are biderivations, which extend the notion of
derivations to mappings involving two variables and satisfying derivation-type identities in
each argument. Various aspects of derivations and related additive mappings in rings have
been studied in different algebraic contexts. For instance, Dhara and Sharma [3] examined
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additive mappings on rings with identity, while Ashraf et al. [4] introduced generalized (o, 7)-
biderivations and investigated their relationships with centralizers and bimultipliers.

Further investigations have focused on derivation-type mappings in special classes of rings.
Kuzucuoglu [5] studied Jordan derivations on strictly triangular matrix rings, and Kuzucuoglu
and Sayin [6] examined derivations on several classes of matrix rings. In prime and semiprime
rings, Shujat [7] investigated symmetric generalized biderivations, while Reddy and Reddy [8]
analyzed commutativity conditions for prime rings admitting symmetric biderivations. Related
developments include studies of factor rings with derivations [9] and rings involving Lie and
Jordan derivations [10, 11]. Additional results on Jordan derivations in matrix rings were
obtained by Sayin and Kuzucuoglu [12].

Recent work has continued to explore derivation-type mappings in broader algebraic set-
tings. Ayupov and Yusupov [13] investigated 2-local derivations on infinite-dimensional Lie
algebras, while De Filippis et al. [14] studied generalized g-derivations on prime rings. Other
contributions include conditions under which symmetric biderivations force commutativity in
prime rings [15], investigations of symmetric generalized biderivations associated with prime
ideals [16], and stability problems for bi-derivations and bihomomorphisms in Banach alge-
bras [17]. More recently, Murty and Reddy [18] examined orthogonal generalized symmetric
reverse biderivations on semiprime rings, and Sahin and Kilic [19] studied skew symmetric
Jordan biderivations on prime rings.

In addition to these studies, several authors have investigated derivations and related
mappings in different algebraic constructions such as modules, group rings, and polynomial-
type structures. Thomas et al. [20] studied derivations on several classes of rings. Fitriani
et al. [21] introduced f-derivations on polynomial modules, while further developments on
commuting and centralizing mappings on modules were obtained in [22]. Derivations and linear
mappings on skew generalized power series modules were studied in [23], and (o, 7)-derivations
on group rings were investigated in [24]. Moreover, Jordan derivations on polynomial rings were
considered by Sitompul et al. [25]. Other studies concerning derivations on polynomial rings
include the investigation of nil derivations and d-ideals in polynomial rings by Mursyidah et
al. [26], as well as the study of (¢, 8’)-derivations on polynomial rings by Syaharani et al. [27].

Polynomial rings themselves form one of the most fundamental constructions in ring
theory. They provide a natural extension of a ring and often reveal additional structural
properties of algebraic mappings. Despite the extensive literature on derivations and their
generalizations, most existing works concentrate on prime rings, semiprime rings, matrix rings,
or module-related structures. Comparatively less attention has been given to the study of
biderivations in polynomial ring settings.

Motivated by these developments, the aim of this paper is to investigate biderivations
on polynomial rings. In particular, we examine how biderivations defined on a ring R behave
when extended to the polynomial ring R[z]. Unlike the case of a base ring R, the study of
biderivations on the polynomial ring R[z] involves additional technical challenges due to the
presence of the indeterminate z. In particular, the behavior of A(z,r), for r € R, plays a crucial
role in determining how a biderivation extends from R to R[z]. Moreover, we construct several
examples of biderivations and analyze their structural properties in the polynomial context.
The results obtained in this paper provide further insight into the behavior of biderivations
under polynomial extensions and contribute to the broader study of derivation-type mappings
in ring theory.

2. PRELIMINARIES

In this section we recall several basic concepts from ring theory that are needed through-
out this paper. These notions provide the algebraic framework for studying biderivations and
their behavior on polynomial rings. In this paper, unless otherwise specified, R is an arbitrary
ring; commutativity is assumed only where explicitly indicated.
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We begin with the definition of a ring, which serves as the fundamental algebraic structure
in this work.

Definition 2.1. [28] A ring R is an ordered triple (R,+,-) consisting of a nonempty set
R together with two binary operations, addition and multiplication, satisfying the following
conditions:

(1) (R,+) is an Abelian group;

(2) multiplication is associative;

(8) multiplication is distributive over addition, that is,

u(v + w) = uv 4+ uw (2)
and

(u+v)w = vw + vw (3)
for all u,v,w € R.

One of the most important constructions associated with a ring is the polynomial ring.
Polynomial rings extend a given ring by introducing an indeterminate and play an important
role in the study of algebraic structures. In particular, polynomial extensions allow us to
investigate how algebraic mappings defined on a ring behave when extended to polynomial
expressions.

Definition 2.2. [29] Let R be a ring. The polynomial ring over R in the indeterminate x is
denoted by R[x]. An element w(z) € R[z] can be written in the form

w(x) = 1o+ 11z +rox® + - + g2, (4)

where ¢ > 0 and ry, € R fork=0,1,...,q. Ifw(z) = 1_,ria* and 0(x) = S8 _, bra® belong
to Rlx], then addition and multiplication are defined by

max(p,q)
w(x) +0(x) = Z (7 + by)z* (5)
k=0
and
p+q
w(z)f(x) = Z cra®, (6)
k=0
where
k
Cp — Zijk_j' (7)
=0

Next we recall the notion of derivation, which can be regarded as an algebraic analogue
of differentiation. Derivations play an important role in the structural study of rings and serve
as a basis for several generalizations, including biderivations.

Definition 2.3. [1] Let R be a ring. A mapping § : R — R is called a derivation if
d(r+s)=4(r)+d(s), (8)
and
5(rs) = d(r)s +rd(s) (9)
forallr,s € R.

To extend the concept of derivation to mappings involving two variables, we first introduce
the notion of a bi-additive mapping.
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Definition 2.4. [8] Let R be a ring. A mapping A : R X R — R is called bi-additive if

A+ s,t) = A, t) + A(s, t) (10)
and

A(ry s +1t) = A(r, s) + A(r, t) (11)
forallr,s,t € R.

Bi-additive mappings that satisfy derivation-type identities in each argument are called
biderivations. This notion can be viewed as a natural two-variable generalization of derivations.

Definition 2.5. [8] A bi-additive mapping A : R x R — R is called a biderivation if
Auv, w) = Au, w)v + u(v, w) (12)
and
Au, vw) = A(u, v)w + vA(u, w) (13)
for all u,v,w € R.
These definitions provide the basic framework for the study carried out in the next
section. In particular, we investigate how biderivations defined on a ring R can be extended

to the polynomial ring R[z] and analyze several structural properties of biderivations arising
from this polynomial ring construction.

3. RESULTS AND DISCUSSION

3.1. Bi-Derivations on Rings. To illustrate the concept of bi-derivations, we first present

an example of a bi-derivation defined on a polynomial ring. This example demonstrates how

the ordinary derivative induces a natural bi-derivation structure.

Example 3.1. Let R[z] be a polynomial ring. Define a mapping A : R[z] x R[z] — R[x] by
AMw, 0) = ', (14)

where W' and 0’ denote the ordinary derivatives of w and 6 with respect to x. We show that A
is a bi-derivation.

Let w,0,m € Rlx|. First, we verify that X\ is bi-additive.

(1) Nw+m,0)=(w+7)0 =W +7) =0 +7'0 = \w,0) + \(,0).
(2) Nw,0+m)=w'@+7) =w'(¢ +7') =0 + 7" = ANw,0) + AN(w, 7).

Hence, X\ is bi-additive.
Next, we verify the derivation properties.

(1)
Awr, 0) = (wr)'¢’
= (W'r +wr)f’
= W'l +wr'f.
On the other hand,

AMw, 0)7 + wA(m, 0) = (W0 )1 + w(n'0)
=07+ wr'
=w'ml +wr'l.

Thus,
AMwm, 0) = Mw, )7 + wA(m, 6).



t

Bi-derivation on Polynomial Ring

(2)
AMw, ) = ' (07)
=u'(0'7 + 0r")

=wlr+on.

Meanwhile,
AMw, 0)7 + 0w, m) = (W0 )7 + O(w'n")
=w'0'n+ 0’7’
=o' +u'on.
Therefore,

AMw, 1) = Mw, )7 4+ OX\(w, 7).

" satisfies all the properties of a bi-derivation. Hence, X is a bi-

Consequently, A\w,0) = w'6
derivation on R[z].

We now present another example of a bi-derivation on a ring R.

Example 3.2. Let R = Zs[z]/{x?) and define
Aa + bz, ¢+ dzx) = (ad + be)z.
We will show that A is a bi-derivation on R.
(1) Let uy = a1 + b1z, us = as + bax, and v = ¢+ dx. Then
up +ue = (a1 + ag) + (b + ba)x.
Hence,
AMug + ug,v) = ((a1 + a2)d + (b1 + b2)c)x
= (a1d + bic)x + (asd + bec)x
= AMu1,v) + Mug,v).

Sitmilarly, \ is additive in the second variable. Thus, X is bi-additive.
(2) Let u=a+bx, v=c+dz, and w=e+ fx. Then

wv = (a + bzx)(c + dx) = ac+ (ad + be)z,
since 2 = 0. Thus,
AMuv, w) = Mac+ (ad + be)z, e+ fx)
= (ac f + (ad + be)e)z.
On the other hand,
Mu,w) = (af +be)x, Av,w)= (cf + de)zx.
Hence,
Au,w)v = (af + be)x(c+ dx) = (af + be)cx,
ul(v,w) = (a + bx)(cf + de)x = alcf + de)x.
Therefore,
AMu, w)v + ul(v,w) = ((af + be)c + alcf + de))x
= (afc + bec+ acf + ade)x.
Since we are in Zo, afc+ acf =0, so this simplifies to
(bec + ade)x = (ac f + (ad + be)e)x,

which equals A\(uv, w).
(3) A similar computation shows that \(u,vw) = A(u, v)w + vA(u, w).
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Hence, X\ is a bi-derivation on R.

Lemma 3.3. Let R be a ring and let A\, be a bi-derivation on R for each k = 1,2, ...

by

Next, we construct a bi-derivation obtained from the sum of several bi-derivations.

q
(Z)\k> :RxR— R
k=1

(Z )\k> (7”,8) = )\1(7”,8) + )\2(7'3 5) +oeet )‘q(ra S)'
k=1

Then >"%_, Ak, is a bi-derivation on R.

Proof. Let r,s,t € R. First, we verify that > 7_, A\ is bi-additive.

(1)
(iAk> (r+s,t) = (r+s,t)+--+X(r+s,1)
k=1
= (Ai(r,t) + A(s, 1) + -+ (Ag(r, 8) + Ag(s, %))
= (Z A (1, t)) + (Z Ak(s,t)>
k=1 k=1
- (Z ,\k> (r,t) + (Z )\k> (s,1).
k=1 k=1
(2)

(i)\k> (rys+t) =M(r,s+1t)+ -+ Ag(r,s + 1)
k=1

= A(r8) + A1) + -+ (Ag(ry8) + Ag (1))

Il
/\k/\
i=
>
ES
=
N
N——
+
S
i
>
ES
=
N
~—

Thus, > 7_, A\ is bi-additive.
Next, we verify the derivation properties.

(1)
(2(1: /\k> (rs,t) = Ai(rs,t) + -+ 4+ Ag(rs,t)
k=1

,q. Define
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(2)
(Zq: )\k> (r,st) = A1 (1, st) + -« + Ag(r, 1)
- = (Ai(r, )t +sAi1(r, 1)) + -+ (Ag (1, 8)t + s (7, 1))
(i/\k >t+8 (Z/\k (r, t)
k=1
(S e (50) o
Therefore, >¢_, Ay is a bi-derivation on R. O

The following example illustrates that the sum of two bi-derivations is again a bi-derivation.

(e

be a ring under usual matrix addition and multiplication.
Define mappings A\, Ao : M x M — M by

AM(K,L)= KL - LK

Example 3.4. Let

and

0 0

_ 0 M1 _ 0 125
K_|:0 T1:|’ L_[O T2:|.
It can be verified that both A1 and Ao satisfy the defining properties of a bi-derivation on M.
Let
[0 |10 e |10 s
K_|:O 7'1:|, L_|:0 ’7'2:|7 N_|:O T3 GM.

We verify that A1 + Ao satisfies the bi-derivation properties.
First, we check bi-additivity.

(1)

Ao (K, L) = {0 ’““2] ,

where

M+M)E+L,N)=M(K+L,N)+ (K +L,N).
Using the bi-additivity of A\ and Ao, we obtain
M+ (K +L,N)= (A + ) (K, N)+ (A + A2)(L, N).
(2) Similarly,
MF+XN)(E,L+N)=(A+X)K, L)+ (A1 + X2) (K, N).
Next, we verify the derivation identities.

(1)
()\1 —‘r)\g)(KL,N) = Al(KL,N) +)\2(KL,N).

Using the bi-derivation property of A1 and Ao, we obtain
(M1 + M) (KL, N) = (A1 + A2)(K, N)L + K (A1 + A2)(L,N).
(2) Similarly,
(M + X)(K,LN) = (A1 4+ X2)(K,L)N + L(A1 + X2) (K, N).

Therefore, A1+ A2 satisfies all the properties of a bi-derivation. Hence, A1+ A\ is a bi-derivation
on M.
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Furthermore, linear combinations of bi-derivations provide a natural way to construct new
bi-derivations from existing ones. The following proposition shows that the set of bi-derivations
is closed under linear combinations.

Proposition 3.5. Let R be a ring and let A1, Aa, ..., \p be bi-derivations on R. Forly,{s,..., 0, €
R, define a mapping
A:RxR—R

by
P
)= lAi(r,s) (16)
for allr,s € R. Then A is a bi-derivation on R.

Proof. Let r,s,t € R. First, we verify that A is bi-additive. Since each Ay is bi-additive, we
have

Ae(r+5,t) = Ap(r,t) + Ae(s, 1) (17)
and
Ai(ry s +1) = Ap(r, s) + Ap(r, ). (18)
Hence » ,
A(r+s,8) =Y b de(r+5,8) = Y le(Ae(rt) + Mi(s, 1))
k=1 k=1
P
= bl ) +ka s,t) = A(r,t) + A(s, t).
k=1 k=1
Similarly,

Alr,s+1t) = Ar,s) + A(r, t).
Next, we verify the derivation identities. Since each \j is a bi-derivation,
A (r8,t) = Ag(r,t)s + r Ak (s, ).
Thus

A(rs,t) Zﬁk)\k rs,t)

P
Z (Me(r, t)s + rXg(s,t))

k=1

= (Z Ek)\k(rv t)) s+ (Z ekkk(sat)>
k=1 k=1

= A(r,t)s + rA(s, t).
Similarly,
A(r, st) = A(r, s)t + sA(r,t). (19)
Therefore, A satisfies all defining properties of a bi-derivation on R. d

The following example illustrates Proposition 3.5

= {7 |urez).

Define mappings A\, Ao : M x M — M by
MK, L)=KL - LK

Example 3.6. Let

and

0 0
S
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_ [t 0 _|p2 O
ol o R e

It can be wverified that A1 and Ao are bi-derivations on M. By Proposition 3.5, any linear
combination

where

Lid1 + LoD

with 01,09 € M is also a bi-derivation on M.

Proposition 3.5 shows that linear combinations of bi-derivations again yield a bi-derivation.
Consequently, the collection of all bi-derivations on a ring possesses a natural algebraic struc-
ture under pointwise addition.

Corollary 3.7. Let R be a ring. The set of all bi-derivations on R forms an Abelian group
under pointwise addition.

The following example illustrates the Abelian group structure of the set of bi-derivations.

w={[e ] |wr ez}

0 0
=104

oo g apry

Example 3.8. Let
Define \: M x M — M by

where
T1 0
It can be verified that X is a bi-derivation on M. Define the mapping —\: M x M — M by

Since the additive inverse exists in M, it follows immediately that —\ satisfies the defining
properties of a bi-derivation. Hence —\ is also a bi-derivation on M. This example illustrates
the existence of additive inverses in the Abelian group of bi-derivations.

Remark 3.9. The previous result shows that the set of all bi-derivations on R forms an Abelian
group under pointwise addition.

After discussing the definition and basic properties of bi-derivations, the discussion can
be extended to more complex algebraic constructions. One such construction is the direct sum
of bi-derivations, which arises naturally from the direct sum of rings.

Proposition 3.10. Let R, Ry, ..., R, be rings and let \;, : Ry x R — Ry be mappings for
each k =1,2,...,p. Define the mapping

P P P P
S ()« (D) - D
k=1 k=1 k=1
P
(G}M) (st 01, ) = Oha(1,00), - At ). (20)
k=1
If each Ay, is a bi-derivation on Ry, then @Y_, Ay is a bi-derivation on @ _, Ry.

Proof. Let u = (uq,...,up), v = (v1,...,0p), and w = (w1,...,w,) be elements of @} _, Ry.
Since addition and multiplication in the direct sum are defined componentwise, we have

(u+v)g = uk + vg, (uv)p = ugvg
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for each k= 1,...,p. First,
P
(@ M) (u+v,w) = (M (g +v1,w1),- 0, Ap(tp + vp, wp))
k=1
= ()\1(1“, ’LU1) + )\1(’[]1, wl), R )\p(up, ’LUp) + )\p(vp, wp))
P P
= (@ k) (u, w) + (@ Ak) (v, w).
k=1 k=1
Similarly,
P P P
(D M) 0+ w) = () M), ) + (D) M) wy w).
k=1 k=1 k=1
Next,
P
(@ ) (uv, w) = (A1 (urv1,w1), ..oy Ap(upvp, wy))
k=1
= (M (ur, wi)vr +urAi(vi,wi), -5 Ap(Up, Wy)vp + UpAp(vp, wp))

= (P x) (w, w)v + u(@ M) (v, w).

k=1

>
Il =
—

Likewise,
(EP M) (w, vw) = (ED M) (w, v)w + o (ED M) (u, w).
k=1 k=1 k=1

Thus @}_, A, satisfies all defining properties of a bi-derivation. Therefore @}_, A is a bi-
derivation on @)_, Ry. O

The following example illustrates the direct sum of two bi-derivations.

Example 3.11. Let

Mlz{[g Z]b,dez}, Mgz{{‘; 8}|G,CEZ}.

Define mappings \1 : My X My — My and g : My x My — My by
|0 bibo 10 0
AILXan _'[0 0 ]7 AQ(U;vv'_ LHGQ O]a

for X,Y € My and U,V € M. It is straightforward to verify that A1 and Ao are bi-derivations
on My and Ms, respectively. Now define

)\1@)\2 : (Ml@MQ) X (M1 @Mg) %Ml@MQ
by

(A1 @ A2) (K71, K2), (L1, L2)) = (M (K71, L), A2 (K2, La)).
For (K1, K3), (L1, La), (N1, N2) € My @ My we obtain
(A1 @ A2)((K1, K2) + (L1, L2), (N1, N2)) = (M (K1 + L1, N1), Aa(K2 + La, Na)).

Since A1 and Ao are bi-additive, it follows that
A @A2((K1, K2)+(L1, La), (N1, N2)) = M@ ((K1, K2), (N1, N2))+A1@A2((L1, L2), (N1, N2)).
Similarly, one can verify the remaining bi-derivation identities. Hence, A1 @ A2 is a bi-derivation
on My @ Ms.

After discussing the direct sum of bi-derivations on rings, we now examine some fun-
damental properties of bi-derivations. In particular, we begin with the definition of the zero
bi-derivation.
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Definition 3.12. Let R be a ring. Define a mapping
0:RxR—R

by 0(a,b) = 0g for all (a,b) € R x R, where O denotes the zero element of R. This mapping
1s called the zero bi-derivation on R.

Next, we study the algebraic structure formed by the set of all bi-derivations on a ring.

Theorem 3.13. Let R be a ring and define
p={N:Rx R— R| X is a bi-derivation on R}.
Then @ is a Z-module.

Proof. First we show that (p,+) forms an Abelian group under pointwise addition.

(1) The zero mapping 0 : R x R — R defined by 0(a,b) = Op for all (a,b) € Rx R is a
bi-derivation on R. Hence 0 € g, so @ # 0.

(2) Let A1, A2 € p. By Lemma 3.3, the sum A\; + A is also a bi-derivation on R. Hence
AL+ X € .

(3) The zero mapping 0 acts as the additive identity, since

A+0=0+A=2A\

for every \ € p.
(4) For each A € p, the mapping —A is also a bi-derivation by Corollary ??. Hence

A4 (=A)=(=N)+Ar=0.
(5) For any A1, A2 € p and (a,b) € R X R,
(A1 + A2)(a,b) = Ai(a,b) + Aa(a,b) = Aa(a,b) + A (a,b) = (A2 + A1)(a,b).
Hence A\i + Ao = Ao + A1

Thus (p,+) is an Abelian group. Since scalar multiplication by integers can be defined by
repeated addition, it follows that p is a Z-module. O

To further study the structure of bi-derivations on a ring R, we consider the set of
constants associated with a bi-derivation. The following theorem shows that this set possesses
a natural Z-module structure.

Theorem 3.14. Let R be a ring and let A : R X R — R be a bi-derivation. Define
Cy={(r,s) € Rx R| A(r,s) =0}. (21)
Then Cy is a Z-module.
Proof. We show that C) is a Z-submodule of R x R.
(1) Let (11, 81), (r2, 82) € Cx. Then
A(r1,81) =0 and A(re,s2) =0.
Since A is bi-additive, we obtain
A(r1,81) + (r2,82)) = AM(r1 4+ 72,81 + s2) = A(r1, 1) + A(ra, s2) = 0.

Hence (r1 + 72,51 + s2) € Ch.
(2) Let (r,s) € Cy. Since A(r,s) = 0 and X is additive, we have

A(=r,—s) = =X(r,s) = 0.

Thus (—r, —s) € Cy.
(3) Let n € Z and (r,s) € Cy. Then

A(nr,ns) =nA(r,s) =n-0=0.

Hence (nr,ns) € Cj.
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Therefore C is closed under addition, additive inverses, and integer scalar multiplication.
Hence C), is a Z-module. O

Having established several structural properties of bi-derivations on rings, we now extend
the discussion to polynomial rings. The properties of bi-derivations on R discussed above extend
naturally to the polynomial ring R[z].

3.2. Bi-Derivation on Polynomial Ring. A derivation on a polynomial ring is a mapping
that assigns each polynomial to another polynomial and satisfies the additive property and the
Leibniz rule. This concept can naturally be extended to bi-derivations on polynomial rings.
The following definition introduces a bi-derivation on the polynomial ring R|x].

Definition 3.15. Let R be a ring and let R[x] be the polynomial ring over R. A mapping

A R[z] x R[z] — R[z]
is called a bi-derivation on Rlx] if for all w(x),0(x), n(x) € R[] the following conditions hold:

(1)
Mw(x) +6(z),m(z)) = Aw(x), (z)) + A(@(2), (),

(2)
(w(@), w(2))0(x) + w(x)A(0(2), (),

>
—
S
8
~—
>
—
-
A
8
S~—"
S~—"
I
>

Mw(), 8(2)m(2)) = Mw(x),0(2))m(x) + 6(2)Mw(), 7(x)).

The following theorem shows that every bi-derivation on a ring R can be extended na-
turally to the polynomial ring R[z].

Theorem 3.16. Let R be a ring and let A : R X R — R be a bi-derivation on R. Then there
exists a mapping

A : R[z] x R[z] — Rlz]

which is a bi-derivation on R[x].

Proof. Let

Then
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Thus
Awi (@) + wn(2),0@)) = 33" Are + 7, s0)a
k=0 ¢=0
= Z Z ()\(Tk, se) + A(Tk, 5@))zk+£
k=0 ¢=0
= Mwi(2),0(2)) + Awa(z), (x)).
Similarly,

Aw(@), 01 () + 02(x)) = Mw(), 01(2)) + Mw(x), O2()).
Hence ) is bi-additive. Now, let

m=0
Then
p+q
w(x)(x) = ( Z Tk8[> xt
t=0 \k4l=t
Thus
pt+q s
Mw(z)0(z), 7(x)) = A( > rksbtm> zt .
t=0 m=0 k+0=t

Since A is a bi-derivation on R,
ATEse, tm) = M1k, tm)se + TeA(Se, tm).
Substituting this expression yields
Mw(@)b(z), w(2)) = Mw(@), 7(2))8(x) + w(@)A(6(2), 7(x)).
Similarly one can prove that
Aw(2), 0(x)(x)) = Mw(@), 0(z)7 (@) + (@) Aw(z), 7(2)).

Therefore A is a bi-derivation on the polynomial ring Rlz]. O

The construction of A is not unique. Let p be a bi-derivation on R and let

P a
w(z) = Zrkmk, O(x) = ZS@IZ
k=0 =0

be polynomials in R[z]. We can define

Then A defines a bi-derivation on R[z].
The following examples illustrate bi-derivations defined on polynomial rings.

Example 3.17. Let R be a commutative ring and let R[x] be the polynomial ring over R.
Define a mapping
X : R[z] x R[z] — Rlz]
by
Aw(z),0()) = aw' ()6’ (z),
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where w(z),0(x) € Rlz] and a € R. We show that X is a bi-derivation. First, X is bi-additive.
For w(z),0(z), () € R[z],

Mw(x) +6(z),m(z)) = a(w(x)

Similarly,
Mw(@), 0(x) + 7(2)) = A(w(x),0(z)) + Aw(z), 7(x))
Next,
Mw(@)0(z), w(2)) = a(w(x)0(z))'w (z)
a(w'(2)0(x) + w(@)f' (2))7' (z)
= Aw(@), 7(2))0(x) + w(@)AO(w), 7(x)).
Similarly,

Il
IS
E\
—~
&

)
)(O ()7 (2) + 0(x)' ()
0(a))m(z) + 0()Mw (), 7(x)).
Therefore X is a bi-derivation on R|z].

A concrete illustration of the above bi-derivation is given in the following example.
Example 3.18. Let R be a commutative ring and define

Mw(z),0(x)) = aw' ()0 (x), a € R.
Consider the polynomials
w(z) = 22, 0(x) = x + 22, 7(x) = 23,

First compute
W' (z) = 2u, 0'(x) =1+ 2z, 7' (z) = 622

Then )
Mw(z), 7(x)) = a(22)(62?) = 12az>
and
MO(z), 7(x)) = a(l + 2z)(62%) = 6az® + 12az>.
Hence

Mw(z), m(x)) + A\0(2), 7(x)) = 6az? + 24ax>.
On the other hand,
w(z) +0(x) = = + 222,

(w(x) +0(z)) =1+ 4x.
Thus
Mw(z) +0(z), m(z)) = a(l + 42)(62°) = 6ax? + 24a2°.
Therefore

Mw(x) +6(z),m(x)) = Aw(x), (z)) + A(@(2), ().

Hence \ defines a bi-derivation on R|z].

The following result shows that the set of bi-derivations is closed under linear combina-
tions.
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Theorem 3.19. Let R[z] be a polynomial ring. If My is a bi-derivation on R[x] for each
k=1,2,...,n, and ar € R, then

Z Qg S\k
k=1
is also a bi-derivation on Rlx].
Proof. Let w(z),0(x),n(x) € R[x]. Define
Aw(@),0(x)) = Y arhp(w(), 0()). (22)
k=1
First we show that A is bi-additive. Since each Ay is bi-additive, we have

Aw(z) +0(x), m(x)) = Zakxk(w(x) +0(x), m(x))

Similarly,
Aw(z),0(z) + 7(2)) = Mw(z),0(2)) + AMw(z), 7(2)). (23)
Since each 5\k is a bi-derivation,

Aw(@)8(x), m(2)) = Y axdi(w(@)8(2), 7 (x))

1

=
Il

ar (A(w(z), 7(2))0(2) + w(@) A (0(), 7(2)))

I
NIE

1

w(z), m(2))0(x) + w(x)A(0(z), w(z)).

I
= i

Similarly,
Aw(z), 0(z)m(2)) = Aw(z), 0(x))m(x) + 0(x)A(w(z), 7(2)). (24)
Hence A is a bi-derivation on R[z]. O
The following example illustrates Theorem above.

Example 3.20. Let R be a commutative ring and let R[z] be the polynomial ring over R.
Define maps A1, A2 : R[z] X R[z] — Rx] by

M(w(2),0(2)) =o' (@)0' (), do(w(@),0(2)) = aw'(2)¢(2),

where a € R and w(z),0(z) € Rlz]. It is straightforward to verify that both Ay and \y are
bi-derivations on R[z]. Let a1,as € R and define

A= a15\1 + a25\2.
Then for any w(x),0(x) € Rx],
Aw(z),0(x)) = a1’ (x)0'(z) + agaw’(x)0'(z) = (a1 + aas)w'(z)0'(z).

Hence A is again a bi-derivation on R[z], which illustrates that linear combinations of bi-
derivations remain bi-derivations.
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4. CONCLUSION

In this paper, we studied the properties of bi-derivations on rings and their extensions
to polynomial rings. It was shown that a bi-derivation is a mapping A : R x R — R that is
bi-additive and satisfies the identities A(xy, z) = A(z, 2)y + zA(y, 2) and Az, yz) = A(z,y)z +
yA(x, 2) for all z,y,z € R.

Furthermore, we show that the set of all bi-derivations, together with the set of constants
associated to a given bi-derivation, each forms a Z-module. In the setting of polynomial rings
RJ[z], bi-derivations can be constructed by extending the bi-additive structure from the base ring
R to the polynomial coefficients. Consequently, whenever a ring R admits a bi-derivation, the
polynomial ring R[z] also admits a bi-derivation with analogous structural properties. These
results enhance the understanding of the algebraic behavior of bi-derivations and demonstrate
that their key structural features are preserved under polynomial ring extensions.
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