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Abstract

Discussions of side trisectors are generally more limited than those on
angle trisectors. For angle trisectors, most research focuses on Mor-
ley’s Theorem and its extensions. Meanwhile, studies on side trisectors
usually calculate lengths using the triangle’s sides and angles. A com-
mon problem is to find the length of a side trisector from its opposite
vertex when only the side lengths are known. If the side trisector is
extended to form a tangential excircle, can we determine its radius?
This article presents several alternative proofs of the lengths produced
by the side trisectors in a triangle. The main focus is to derive a for-
mula for the trisector’s length using only the triangle’s original side
lengths and to find the radius of the tangential excircle. These proofs
employ geometric approaches such as trigonometry, Stewart’s Theorem,
and the Pythagorean Theorem. The result is a standard formula for the
trisector length, which is then used to find the radius of the triangle’s
tangential excircle.

Keywords: Tangential Excircle, Side Trisector, Stewart’s Theorem

1. INTRODUCTION

In geometry, triangles have various special lines, including the altitude, median, and
angle bisector [1]. The angle bisector features many standard formulas and alternative proofs
[2, 4, 5, 6]. Angle trisection, which divides an angle into three equal parts, has also been
studied extensively. For example, Morley’s Theorem states that angle trisectors will always
form an equilateral triangle [7, 8]. Previous studies have discussed the side lengths and area
ratios produced by angle trisectors [9, 10]. This work includes the concept of the mixtilinear
excircle, which appears in triangles formed by these trisectors [11].

Furthermore, side trisectors are less developed than angle trisectors. Early research shows
it is possible to divide a line into three equal parts if the lines are parallel [12]. However, a
formula for the resulting side lengths is not widely discussed. In [13], the author examined
changes to a triangle’s shape when its longest side is repeatedly divided into three equal parts.
That paper did not give a formula for the resulting side lengths. Similarly, [14] gave only a
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visual discussion of side trisectors. References [15] and [16] focused on symmedian lines and
modifying triangle areas using Varignon’s Theorem. Until now, no explicit discussion of a
side-length formula for side trisectors has been found.

Based on these conditions, this paper aims to derive a formula for the side lengths of a
triangle’s side trisectors. The novelty is to give an explicit formula for the trisector’s length
using only the triangle’s original side lengths. To confirm originality, the proofs use several
distinct methods: the law of sines, the law of cosines, Stewart’s Theorem, and the Pythagorean
Theorem. The side trisector formula is then used to find the radius of the tangential excircle
in the triangle formed by these trisectors.

2. SOME CONCEPTS

The following definitions and theorems will support the discussion in this study. They
serve as the basis for deriving the formula for the length of the side trisector.

2.1. Side Trisector. In geometry, a trisector is defined as a line, point, or curve that divides
an object, such as a line segment, angle, or figure, into three equal parts [17, 18].

Definition 2.1. [12, 15, 19, 20]. The side trisectors of a triangle are two points on a side of
the triangle that divide it into three parts of equal length.

FIGURE 1. Triangle ABC with trisector points on a side BC

In a triangle ABC, the lines AA; and AA; are given on a side BC such that BA; = A1 Ay =
AxC = 3.

2.2. Stewart’s Theorem. This theorem uses a line that divides a triangle’s sides in a certain
ratio.

Theorem 2.2. [2, 3]. Given a triangle ABC, let point X be on side BC' such that BC : XC =
r:s. If the length of side AX 1is p, then the following holds:

a(p® 4+ 7s) = b*r + c2s.

2.3. Tangential Excircle. The concept of triangle tangent circles involves circles that touch
the sides of a triangle. These can be either internal or external. The definitionn of the tangential
excircle of a triangle is as follows [2].

Definition 2.3. [2]. A tangential excircle of a triangle is a circle that touches exactly one side
of the triangle and the extensions, which are the straight lines formed by continuing the other
two sides beyond their vertices.

In [2], a theorem regarding the radius of the tangential excircle in a triangle is also

provided.

Theorem 2.4. [2]. In triangle ABC, let BC = a, AC = b, and AB = ¢ with ZABC = §.
The radius of the tangential excircle on a side AC is given by:

Ry, = stan %B
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3. RESULT AND DISCUSSION

This paper derives formulas for the side lengths of the triangle’s side trisectors using only
the original side lengths. To achieve this, several alternative proofs are used, specifically the law
of sines, the law of cosines, Stewart’s Theorem, and the Pythagorean Theorem. Furthermore,
the resulting formulas are applied to derive the radius of the tangential excircle of the triangle
constructed from these side trisectors.

Theorem 3.1. In triangle ABC, let the side trisectors be constructed such that BBy and BBs
divide side b. Given BC = a, AC = b, AB = ¢, /BAC = o, ZABC = 3, ZACB = 7,
/B1BBy =0, /BB1Bs =0, /B1BsB = 7, then the lengths of BB1 and BBy are:

1

BB; = g\/ 3a2 — 2b% + 6¢2
1

BBy = g\/ 6a2 — 2b% + 3¢?

FIGURE 2. Trisectors of each side in triangle ABC

PRrROOF. Theorem 3.1 can be illustrated in Figure 2. Since the side AC' is divided by trisectors
such that AB; = By By = BoC = &, then AB, = B;C = 2.

To determine the lengths of BB; and BBy, we can use four different methods: the law
of cosines, the law of sines, Stewart’s Theorem, and the Pythagorean Theorem.

Method 1. Using the Law of Cosines
Consider triangle AABDB;. Applying the law of cosines, we obtain:
BB} = AB*> + AB} —2-AB - AB; - cosa (1)

b2 4 % —a?

By substituting cos o = , equation (1) becomes:

2bc
b2 b b2+ —a?
BB? =2 Z) 9. 22 2
L= +(3> “'3 2bc
2 b2+ c2—a? 302462 — 202
BB} =c*+ — — =
1=ty 3 9

1
BB? = §(3@2 + 6¢% — 20%)

Thus,

1
BB, = 3V 3a? — 2b2 + 6¢2. (2)



94 Rahmayani et al., JMI Vol 22 No 1 Apr 2026, pp.91-100,d0i:10.24198/jmi.v22.1n1.70223.91-100

Similarly, using the same method as in (2) for triangle AABB5, we also obtain:
1
BB, = §V 6a? — 202 + 3c2. (3)

By following the same steps as in (2) and (3), we find that:
e For the trisector points on the side AB, the lengths of C'C; and CCs satisfy:

1

CcC, = g\/ 3a? + 6b% — 2¢2
1

CCy = g\/ 6a? + 3b% — 2¢?

e For the trisector points on the side BC, the lengths of AA; and AA, satisfy:

1

AA| = g\/ 362 + 6¢2 — 2a2
1

AAs = =\/6b% + 3c2 — 2a2

3

Method 2. Using the Law of Sines
The sum of angles in a triangle is 180°, then ZBB>C = § = 180° — (0 + ). Applying
the law of sines to ABC By gives:
BB,  BC _  BC
sin/BCB; sin/ZB;BC ~ sin/BB;C

So that,
BB, _2b/3 a (@)
siny  sinf  sin(180° — 6 + )
From equation (4), we obtain:
20/3 a
sinf  sin(6 + )
sin(0 +~)  3a
sinf  2b
sinf cosy + cosfsiny  3a
sin 6 2
+cot 0 - si sa
cos cotf -siny = —
Y Y %
3a
22 — cos
cotf = %.77
sin 7y
‘3—‘; — cos7y
cot = =2——— (5)
sin 7y
1
By using the trigonometric identity sinf = ————— and substituting the value of
Y 8 8 Y Vieot? 0 +1 8
cot 6, we get:
1 1
sinf = =
sa_ cos i in? 3a :
- % Y sm” 7y + %—cosv

sin -
v sin -~y

sin 7y

2
sin? y + S—G — Ccos 7y
20

sinf =
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Next, from equation (4):

2b
BB, 3
siny  siné
So that,
2b sinvy
BB = —-
! 3 sinf (™)
Substituting (6) into equation (7) yields:
_2b siny _2b . 9 3a 2
BB1—§- S _3-\/5111 7—|—<2b—0057>
sin?y + 3—a — Cos ’
Y % Y
2b 9a2 3
BB, = 3 \/sinzv—i—cosQW—i— % - ?a - Cos
Using the identity sin? v + cos?y = 1, we have:
2b 9a? 3a
BB1:3'\/1+4b2—b'COS’Y (8)
a2 4+ b2 — 2
By squaring both sides and substituting cosvy = oab into equation (8), it be-
a
comes:
4b? dab [ a?® +b* — 2
BB? = — o —
1T e ( 2ab >
BB%:ﬁ a2f%f% %
9 3 3 3
BE? — 3a% — 2b% + 6¢2
9
Thus,

1
BBy = 5v/3a2 — 202 + 6c2. (9)

Similarly, using the same steps as in (9) for AABC By, we also obtain:
1
BB; = g\/ 6a — 2b2 + 3c2. (10)

By following the same steps as in (9) and (10), we find that:
e For the trisector points on the side AB, the lengths of C'C; and C'Cs satisfy:

1

CcC, = g\/3a2 + 602 — 2¢2,
1

CCQ = g V 6@2 + 3b2 — 262

e For the trisector points on the side BC', the lengths of AA; and AA, satisfy:

1

AA| = g\/ 362 + 6¢2 — 2a2
1

AAs = g\/ 602 + 3¢2 — 2a2
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Method 3. Using Stewart’s Theorem
With AB; = B1By = BoC = §, then ABy = B;C = 2.
By applying Stewart’s Theorem to a triangle ABC with the cevian line BBj, we obtain:

AB? . B,C + BC? - AB, = AC (BB} + AB; - B,C) (11)
2 (20) 42 () Z o (B2 (0) (2
2¢b  a?b 9 20°
3*3—b<331+ <9)>

2¢2  a? 252
I BRB? =
(5 +5) = (oot (57))

2 3a® —2b* +6c
B 9

1
BBy = £ V/3a> 20 + 6% (12)
Similarly, using the same steps as in (12) for line BBs, we also obtain:
1
BBy = 3V 6a? — 202 + 3¢2. (13)

By following the same steps as in (12) and (13), we find that:
e For the trisector points on the side AB, the lengths of C'Cy; and C'Cs satisfy:

1

CcCy = g\/ 3a2 + 6b% — 2¢2
1

CCy = g\/ 6a? + 3b%2 — 2¢2

e For the trisector points on the side BC, the lengths of AA; and AA, satisfy:

1

AA = 3 vV 3b% + 6¢2 — 2a2
1

AAy = 3 V/6b% + 3c¢2 — 2a2

Method 4. Using the Pythagorean Theorem
Consider triangle ABC in Figure 3. Draw a perpendicular line from vertex Z/BAC = f3
that meets at point P.

Thus,

FIGURE 3. Side trisectors with the Pythagorean Theorem
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In the right-angled triangle ABP, according to the Pythagorean theorem:

AB? = BP? + AP?
¢ = BP* + AP?
Thus,
BP? = — AP?
Furthermore, in the right-angled triangle BC P, we also obtain:
BC? = CP? + BP?
Since CP = b — AP, equation (16) becomes:
a®> = (b— AP)* + BP?
Subtracting (14) from (17) to eliminate BP? yields:
a’* —c* = (b— AP)* — AP?
20AP = b° + ¢ — a?
So that,
b2 — g2 + 2
2b
Next, in the right-angled triangle BB, P, it follows that:

BB} = BP? + B, P?

AP =

Because Bj lies on AC and AB; = g, then:
BiP=AB; — AP

&P:%—AP

Substituting (15) and (20) into equation (19) gives:
BB? = BP? + B, P?

2
Bmzpﬁfmﬂ+(b—mﬁ

3
2
2
BB%:&-AP?+%-r£AP+AP2
5 5 WP 2b
BB =+ 5 — F AP

By substituting (18) into (21), we obtain:

b2 2 (b —a?+ 2
BB =+ + - 5 | ———
1Ty 3< 2 )
b2 b2 a?2 2 3a2 — 202 + 6¢2
BBi=C+ -+ 55 =——(——
e N T 9

Therefore,
1
BB, = g\/ 3a2 — 2b2% + 6¢2.
Similarly, using the same steps as in (22) for triangle BBy P, we find:

1
BBy = g\/ 6a2 — 2b2 + 3c2.

By following the same steps as in (22) and (23), we find that:

97
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e For the trisector points on the side AB, the lengths of C'Cy; and C'Csy satisfy:

1
CCl = g V 3@2 + 6b2 - 202
CCy = %\/ 6a? + 3b2 — 2¢2

e For the trisector points on the side BC, the lengths of AA; and AA, satisfy:

1

AA, = g\/ 362 + 6¢2 — 2a2
1

AAy = 3 v/ 6b% + 3c¢2 — 2a2

Therefore, Theorem 3.1 is proven. [J

Theorem 3.2. In any triangle ABC with BC = a, AC = b, AB = ¢, let the side trisectors
be BB, = p and BBy = q, which divide side b such that ABy = BsB; = B1C =r = %. If
a tangential excircle is constructed on one of the sides of the triangle resulting from the side
trisection, namely the triangle BBy B, then the radius of the tangential excircle on side Bo B
is given by:

LAABC

OW=0G=0F=Rrp= —————
3(saBB B, —T)

PROOF. Theorem 3.2 can be illustrated in Figure 4. The trisector points By and By divide
the side AC' into three equal parts. Therefore, the area of ABBy B> is one-third of the area of
ANABC, namely:

LAAB
LABB By = % (24)
For ABB, By with sides BBy = p, BBy = q, B1 By = r, the following holds:
1
SABBi By = 5(29 +q+r) (25)

FIGURE 4. Tangential excircle of the triangle’s side trisector

Consider the quadrilateral BB1O B> in Figure 4. The area of this region can be expressed
as the sum of the areas of two right-angled triangles:

1 1
LOBB,0OBy = LABB,0O + LABB,0O = 3 BBy -OF + 3 - BBy - OW (26)

1 1
LOBB,0OB; = 3P Rrp + 54 Rrp (27)
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On the other hand, the same area can also be written as:
LOBB10By; = LABB1Bs + LAB1B;0O
Substituting (24), yields:

L 1
Lpp,oB, = % tgr Rry (28)
By substituting equation (27) into equation (28), we obtain:
1 1 LAABC 1
3 P Bretg g Rrp=—Fo—+5-r Brp
Grouping the terms containing Rrp results in:
1 1 1 LAABC
op Bre+5q-Rrp —or- Rrp = ————
R 1 N 1 +1 _ LAABC
TE\g Py i) T
1 LAABC
L e
2 3
1 LAABC
Rrp (2(p+q+r)—r> =—s (29)
Substituting (25) into equation (29) leads to:
LAABC
Rrp (sappip, —T) = —3
Thus,
LAABC

Rpp = 220
" 3(saBBiB, — )

Using the same method for AABB; and ABC By, we also obtain:
LAABC

3(saaBB, — 1)
LAABC

3(saBcB, —T)

e The radius of the tangential excircle on the side ABy = R4 =

e The radius of the tangential excircle on the side BoC = Rpo =

Therefore, Theorem 3.2 is proven. [J

4. CONCLUSION

The side lengths created by trisecting a triangle’s sides have been derived using several

alternative proofs. This study shows that these side trisector lengths have a consistent mathe-
matical relationship with the triangle’s original sides. These formulas also allow calculation of
the radius of the tangential excircles in the triangle formed by side trisection.

REFERENCES

Soewardini, H., and Meilantifa. 2017. Kesulitan belajar garis istimewa dalam segitiga pada siswa berke-
mampuan rendah berdasarkan teori Piaget, Seminar Nasional Matematika dan Aplikasinya, Universitas
Airlangga. 124-128.

Mashadi, Geometri Lanjut, Unri Press, Pekanbaru, 2015.

Mashadi, Geometri (Edisi Revisi), Pusat Pengembangan Pendidikan Universitas Riau, Pekanbaru, 2012.
Amarasinghe, G. W. I. S. On the standard lengths of angle bisectors and the angle bisector theorem. Global
Journal of Advanced Research on Classical and Modern Geometries. 1 . 15-27.

Amelia, Mashadi, and Gemawati, S. 2020. Alternative proofs for the length of angle bisectors theorem on
triangle. International Journal of Mathematics Trends and Technology. 66(10), 163-166.

Pop, O. T., and Pop, R. D.. 2013, About the angle bisector in a triangle. International Journal of Geometry,
2 (2), 83-86.

Coxeter, H. S. M., Introduction to Geometry.. Second Edition. New York: John Wiley & Sons, 1969.



100 Rahmayani et al., JMI Vol 22 No 1 Apr 2026, pp.91-100,doi:10.24198 /jmi.v22.n1.70223.91-100

8

[

(10]
(11]

[12]
(13]

(14]
(15]
(16]
(17]
(18]

[19]
20]

Grinberg, E. L., and Orhon, M. 2020. Morley trisectors and the law of sines with reflections.
arXiw:2003.10438v3 [math. HOJ, 2020, 1-5.

Trisna, D., Mashadi, and Gemawati, S. 2020. Angle trisector in the triangle. IJOSR Journal of Mathematics,
16 (5), 11-18.

Fitra, M., Mashadi, and Gemawati, S. 2025. The existence of cocyclic formed by angle trisectors in a
butterfly quadrilateral and its application in physics. Jurnal Penelitian Pendidikan IPA, 11(2), 49-56.
Fionari, G., Mashadi, and Syafitri, S. N. 2025. Mixtilinear excircle on the angle trisector of a triangle.
Jurnal Matematika UNAND, 14 (2), 129-139.

Ludwig, H. J. 1978. Segment trisection in absolute geometry. Mathematics Magazine, 51(2), 124-125.
Perdomo, F., and Plaza, A. 2023. Similarity classes of the longest-edge trisection of triangles. Azioms,
12(913), 1-12.

Pant, P., Dhungana, H. L., and Rokaya, S. 2024. Perpendicular trisectors and base trisectors in triangles
and quadrilaterals. Perspectives on Higher Education, 14, 95-108.

Jumianti, E., Mashadi, and Gemawati, S. 2021. Symmedian development of the trimedian and trisector,
International Journal of Mathematics Trends and Technology, 67(3), 21-27.

Arisa, Y., Mashadi, and Deswita, L. 2020. Modification of the Varignon theorem on the triangle. Interna-
tional Journal of Recent Scientific Research, 11, 39642-39646.

Wiktionary, “Trisector,” Wiktionary: The Free Dictionary [online], 2025. Accessed 12 December 2025.
Wolfram MathWorld, “Trisection,” Wolfram MathWorld [online]. Accessed 12 December 2025.

Euclidea Wiki, “Segment Trisection,” Euclidea Wiki [online]. Accessed 12 December 2025.
BrainKart.com, “Points of Trisection of a Line Segment,” BrainKart [online]. Accessed 12 December 2025.



